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PUBLIC INTEREST STATEMENT
This paper, based on the advance-retreat course (ARC) model-a growth model under environmental pressure-focuses on the optimal aggregation of capital and innovation with environmental pressure, where the environmental pressure comes from the political, economic, and natural environments and may cause the cost and consumption. The paper presents two methods for computing the optimal quantity of capital-goods and innovation-goods. Using the methods, the economic resources, like capital and investment on innovation, can be optimally allocated or reallocated. The findings include that the aggregations of capital and innovation will promote economic growth; innovation is quicker aggregating than capital; the aggregation promotes the capital-goods and (or) innovationgoods to be in survival of the fittest and to come to the efficient industries; the government or authorities are able to give full play to the efficiency of socioeconomic resources with economic policy and the method related in the paper.
Introduction
As a society and its economy gradually progress and resolve problems, human beings develop a larger capacity to resolve problems. However, as problems become more complex, social development and economic growth have to face greater and greater pressure, until significant change occurs, at which time the original course ends and a new course begins. This is the key insight of advance-retreat course (ARC) theory (Dai, Liang, & Wu, 2013; Dai, Qi, & Liang, 2011) .
Economic growth and change in the structure of production factors are important areas of research in social and economic fields. There are many distinguished lines of research, such as the business cycle theory (King, Plosser, &, Rebelo, 1988; Lucas, 1987; Plosser, 1989) , the economic growth theory based on the R&D (Barro & Sala-i-Martin, 1995; Jones, 1995 Jones, , 1998 Solow, 1956 Solow, , 1957 , and the new growth theory (Romer, 1986 (Romer, , 1990 . In recent years, economists have made significant progress in understanding economic growth and development, developing theories such as the following: the dynamics-based economic growth theory (de la Croix & Michel, 2002) , the analysis of firm regionalization clustering and innovation (Pouder & John, 2003) , the non-linear economic theory (Fiaschi & Lavezzi, 2007) , the economic sustainable development based on the invariance in growth theory (Martinet & Rotillon, 2007) , economic markets as functions of downsizing and specialization (Mirowski, 2007) , endogenous recombinants in economic growth (Tsur & Zemel, 2007) , and so on. Still, environmental factors and economic policy have yet to be integrated into a growth model. Such a model and related analysis will be of high practical value.
Capital flow and change in innovation, the aggregation of market factors, and the allocation (and reallocation) of economic resources are problems of great concern to economists and governmental authorities. These phenomena play an important role in efforts to reform economic structures and design policies that promote economic growth and development. Coyle (2007) extends the economic theory of index numbers to the aggregation of price risk over commodities in production. Axelrod, Kulick, Plott, and Roust (2009) study how to improve information aggregation performance by removing disinformation due to strategic behavior and misleading disequilibrium behavior. Metcalfe (2010) studies the technology and technological change in the theory of resource allocation as well as the reasons why the development of technology and its application are so uneven over time and place. Jansen (2010) studies the efficient allocation of labor by job auctions.
However, the economic resources such as capital, labor, innovation, and technology are aggregated and allocated by natural selection. We need to analyze and understand this process to improve socioeconomic efficiency. Expanding upon the Solow growth model (1956 Solow growth model ( , 1957 and the Cobb-Douglas production function, Dai et al. (2011 Dai et al. ( , 2013 build an economic growth model with environmental pressure, namely the ARC model. Based on the literatures (Dai et al., 2011 (Dai et al., , 2013 , this paper focuses on the optimal quantity of capital-goods and innovation-goods in an economy and analyzes the features of the optimal numbers in changing conditions. The main findings are that innovation growth is the driving force behind capital aggregation and that capital expansion is the driving force behind innovation aggregation.
Models

Categorized production function
The industries in an economy can generally be categorized as traditional and emerging. Traditional industries are those that mostly involve labor and manufacture, whereas emerging industries are those that mostly involve new science and technology. Traditional industries require large quantities of labor and equipment; these resources constitute the essential foundation of the industry. In a traditional industry, capital often takes a material form (e.g. in production equipment or buildings), whereas labor is produced by workers with standardized skills and effort. Technical progress may be measured by the number of technologies that are used in production equipment, processing techniques, and products. Traditional industries usually employ advanced processing techniques and complete equipment systems and enjoy stable product markets. Traditional industries often require a higher cost of capital and better technology. Furthermore, their technology levels tend to remain stable for long periods of time. In contrast, high technology is fundamental to emerging industries. In an emerging industry, capital may present in materialized or non-materialized form; it may include equipment, patents, software, intangible assets, and workers with standardized professional skills and effort levels. Technology develops rapidly in emerging industries, and technical level tends to change relatively rapidly.
For the sake of convenience, the capital input is the value of the capital required for production, the labor input is the number of workers required for production, and the technology input is the funds required for the research and development of technologies for production. Thus, the production function with technological progress (Plosser, 1989; Solow, 1956 Solow, , 1957 for an economy can be expressed as follows:
where Y is the output of the economy, K is the capital, L is the labor, and A is the technology level. For the given quantities of capital and labor, the increase in the technology level will yield an increase in output. Thus, economies with higher technology levels have greater productivity efficiency.
In reality, because capital, labor, and technology change over time,
Technology level A(t), because it changes with time, can also be expressed as
+a with a as a constant. Therefore, the output of an economy can be expressed as:
In Model (1), the technology level of the output Y 1 = a•F[K(t), L(t)], a, is a constant, which means that the level of technology is stable, as in traditional industries. Therefore, Y 1 represents the output of traditional industries, and is referred to as the basic output. The technology level of the output Y 2 = H(t)•F[K(t), L(t)], H(t), is a time function, which signifies that the level of technology is variable, as in emerging industries. Therefore, Y 2 represents the output of emerging industries, and is referred to as the emerging output. Model (1) is referred to as the categorized production function (CFP) for traditional and emerging industries, and A(t) = H(t)+a is the categorized total factor productivity. CFP (1) indicates that traditional industries have two input factors, capital and labor, whereas emerging industries have three input factors: capital, labor, and technology. Furthermore, CFP (1) can also be concisely expressed as follows:
is the production function of traditional industries, σ = q(t)•μ is the production function of emerging industries, and q(t) = H(t) a is the ratio of the technology level of emerging industries to that of traditional industries, indicating the degree of innovation of the former, referred to as innovation efficiency, or simply as innovation. Innovation efficiency is a dimensionless quantity. It embodies the advantage and the production efficiency of emerging industries on traditional industries.
Generally, traditional industries and emerging industries have different capital and labor requirements. CPF (1), however, shows that the input factors of both traditional and emerging industries stem from the economy's overall capital and labor. This finding can be explained as follows. Each unit of capital can be divided into two parts, with one used for traditional industries and another for emerging industries. Similarly, each unit of labor can have two skill types: one applicable to
traditional industries and another applicable to emerging industries. Thus, capital and labor can flow between traditional industries and emerging industries. When the production efficiency of emerging industries increases, capital and labor will flow toward those industries. CPF (1) points out that a part of total output comes from the traditional industries for an economy, and the rest comes from the emerging industries. If emerging industries is low in innovation level, economic output is mainly contributed by traditional industries. If the innovation level for an emerging industry is higher, economic output is mainly contributed by the emerging industries. At this time, the economy should be a developed one, because its growth is mainly promoted by innovations.
An economic growth model with environmental pressure
Economic growth requires production inputs and consumes a variety of economic resources. Additionally, economic growth can be made more difficult by a range of issues, including resource scarcity, market competition, investment risk, environmental pollution, policy institutions, financial risk, environmental crises, social unrest, natural disasters, diseases, and war, all of which generate environmental pressure on economic growth. It is worth noting that in addition to promoting economic growth, innovation input may generate environmental pressure; it may increase resource consumption, ecological pollution, or investment risk, which will increase the innovation cost and the consumption of the real output. The consumption of social and economic resources due to the environmental pressure generated during economic growth is referred to as the environmental cost.
We denote the environmental cost in traditional industries as ϕ and the environmental cost in emerging industries as κ. The environmental cost is caused by environmental pressure, which is related to the input factors. When the input factors change, the environmental cost will also change. Following the literatures (Reed, 2001; Schoenberg, Peng, & Woods, 2003) , the ratio of the change in the environmental cost to the change in the input factors is the power function for the current inputs of the industry, that is, where φ > 0 indicates the existence of environmental pressure. Hence, the environmental costs of basic output and emerging output can be expressed as: respectively, where θ = φ + 1 is the environmental pressure index (EPI). For the sake of convenience, the integral constants are equal to zero in general.
Following literature (Sanchez, Gonzalez-Estevez, Lopez-Ruiz, & Cosenza, 2007) , we assume that the government is the agent that can adjust the EPI through economic policy. The government can reduce the EPI through a free and open policy, and increase the EPI through a closed and protective policy, though it cannot eliminate environmental pressure completely, that is, θ > 1. The formula for environmental cost indicates that an increase in production input will be accompanied by an increase in the environmental pressure or environmental cost. Generally, the environment for economic production is likely to improve gradually; however, to ensure long-term development and growth, an economy has to face an increasing number of challenges of growing complexity. It will be more difficult to solve these new problems (which will arise from issues such as institutional policy, financial risk, environmental crisis, social unrest, natural disaster, disease, and war) using current approaches. These challenges can be collectively described as increasing environmental pressure. In reality, traditional industries and emerging industries may have different EPI to increase
specificity. This means that traditional industries face the different environmental pressure from emerging industries, and the government can carry out different policy, so that traditional and emerging industries make a difference in development and growth.
Given that economic growth can never be separated from environmental pressure and the resulting environmental cost, Model (1) can be expressed as:
productivity with environmental pressure. Model (2) may be referred to as the economic growth model with environmental pressure, is a normal ARC economic growth model. 1
Model (2) indicates that during the process of economic growth, the environmental pressure continues to increase as the output increases. This process continues until a recession begins. Only significant and successful policy and institutional reform can generate a fundamentally new economic environment, relieve the existing environmental pressure, and initiate a new cycle of economic growth. As the economy continues to grow, however, additional environmental pressure will accrue. Hence, ARC model reflects the cyclical features of economic growth.
According to Cobb-Douglas production function, the basic output can be especially expressed as
Methods
The method for computing the optimal number of capital-goods
There are many capital-goods (denoted as capital-goods) in socioeconomic development. Romer (1990) concludes that an unlimited increase in the quantity of capital-goods will lead to an infinite increase in output. In reality, the quantity of capital-goods is limited and restricted by the total social capital, market capacity, production conditions, and economic environment. This fact raises questions, for example, what is the optimal quantity of capital-goods? Suppose social production capital consists of n capital-goods-that is, total capital K =
According to Model (2) and Appendix A, the actual output (2) can be expressed as follows:
If the capital-goods are homogeneous-that is, all K i are similar in scale, structure, and character, such that K i =K-the optimal quantity of capital-goods is as follows from Appendix A:
Equation 4 also indicates that the optimal number, n*, will decrease as capital-goods or total in novation increases. Thus, if total capital, K, is invariant, K will increase as n* decreases and capital is aggregating. If capital-goods, K , is invariant and n* is decreasing, the capital-goods will be determined by a process of natural selection. Equation 4 also indicates that the optimal number of capital-goods will decrease with innovation growth. Therefore, innovation growth causes capital to aggregate.
Note that if environmental pressure is not taken into account, that is, if v = w = 0, then n* = ∞, which corresponds to the Romer's conclusion.
(2) 
The method for computing the optimal quantity of innovation-goods
Innovation is the main factor driving economic growth. We divide innovations into categories, one of which is referred to as innovation-goods, by their utility. There is a high correlation between these goods. Computer and chip technology, for example, are used in industrial control, weather analysis, aerospace engineering, communication engineering, and so on. Modern textile, paper, steel, mechanical, and electrical industries are inseparable from control technologies and innovation. We suppose that innovation consists of m innovation-goods and that the growth rate of innovation is a linear combination of all innovation-goods. According to Model (2) and Appendix B, the actual output (2) can be expressed as follows:
If the innovation-goods are homogeneous, that is, if all q i are similar in character, structure and competitive advantage such that q i =q and ρ i = ρ, then the optimal number of innovation-goods is as follows from Appendix B:
Further analysis of Equation 6 indicates that the optimal number, m*, will decrease as total capital or innovation-goods increase. Thus, if total innovation, q, is invariant, q will increase as n* decreases, which indicates that innovation is aggregating. If innovation-goods, q, is invariant, decreasing m* implies that the capital-goods are in survival of the fittest. Equation 6 also indicates that the optimal number of innovation-goods will decrease with capital expansion. Therefore, capital expansion causes innovations to aggregate.
If environmental pressure is not accounted for in Model (5) and Equation 6, that is, if w = 0, then m* = ∞, which indicates that an unlimited increase in the quantity of innovation-goods will cause an infinite increase in output.
The conservation equation and optimal allocation of economic resources
Based on Model (3) and Equation 4, if total capital is conserved before and after an aggregating process, that is, nK = n * K * , where n is the number of capital-goods before the aggregation, n* is the optimal number of capital-goods after the aggregation, and K* is the average value of capital-goods after the aggregation, then K * = n n * K . Thus, if n/n* > 1, the capital-goods are aggregated, and K* increases. Each capital-good should involve even more capital. To improve the efficiency of capital allocation, the capital-goods, which encourage economic growth and are now smaller in value, should be allocated even more capital.
If n∕n * < 1, the capital-goods are diffused, and K* decreases. Some capital-goods should be allocated less capital. To reduce capital consumption and improve the efficiency of capital allocation, the quantity of capital-goods should be increased, and the amount of capital in the capital-goods should be reduced well unless economic growth is encouraged.
The approach outlined above allocates investment across innovation, labor, and other economic resources.
(5)
Results
In the following section, the aggregation includes the survival of the fittest capital-goods and innovation-goods. The allocation includes the allocation of economic resources, reallocation of economic resources, or both.
The optimal aggregation and allocation of capital
According to Equation 4, if environmental pressure is invariable, then the optimal quantity of capital-goods will decrease with an increase in the average capital value of each goods. Thus, capital is aggregating, and some mainstream capital-goods arise. This phenomenon is the optimal aggregation of capital.
Additionally, the optimal quantity of capital-goods will decrease with an increase in innovations, which indicates that an increase in innovations may promote the aggregation of capital. In addition, the decrease in capital-goods may increase the value of capital-goods and innovation. Therefore, Conclusion 1 is as follows.
Conclusion 1.
There is an optimal aggregation of capital in social and economic development. The optimal number of capital-goods decreases with an increase in innovation. Thus, innovation growth is the primary determinant of capital aggregation. Decreasing the number of capital-goods promotes capital expansion and increases innovation.
Conclusion 1 demonstrates the relationship between the core production factors (capital and innovation) and the quantity of capital-goods. The optimal quantity of capital-goods, calculated by formula 4, provides a basis for the optimal allocation of production capital. Therefore, Strategy 1 is obtained as follows.
Strategy 1 (The optimal allocation of production capital). If the current quantity of capital-goods is larger than the optimal one, the authorities should reduce the quantity of capital-goods through policy and increase the average value of the capital-goods by the allocation or reallocation of production resources. If the current quantity of capital-goods is smaller than the optimal one, the authorities should increase the quantity of capital-goods through policy and decrease the average capital value of some goods.
In using Strategy 1, the two following principles should be noted:
(1) The optimal quantity and average value of capital-goods are different across economies, industries, and enterprises. The optimal quantity of capital-goods can be calculated using Equation 4.
(2) When the quantity of capital-goods decreases, capital expansion will occur across the remaining capital-goods, which have a potential advantage and are smaller in value. When the quantity of capital-goods increases, capital reduction will occur across the capital-goods, which are larger in value and have no potential.
The optimal aggregating and allocating of innovations
According to Equation 6, if environmental pressure is invariable, the optimal quantity of innovationgoods will decrease with an increase in the average quantity of innovation-goods. Thus, the innovations are aggregating, and some mainstream innovations goods arise. This phenomenon is the optimal aggregation of innovations. However, the optimal quantity of economic innovation-goods will decrease with an increase in basic output, which indicates that an increase of basic output may promote innovation aggregation. In addition, the decrease in the quantity of innovation-goods will increase the value of capital-goods or the average quantity of innovation-goods. Therefore, Conclusion 2 is as follows.
Conclusion 2.
There is an optimal aggregation of innovations in social and economic development.
The optimal quantity of innovation-goods decreases with an increase in basic output. Thus, capital expansion is the driving force behind innovation aggregation.
Conclusion 2 demonstrates the relationship between the core production factors (capital and innovation). The optimal quantity of innovation-goods, calculated using Equation 6, provides a basis for the optimal allocation of innovation resources. Therefore, Strategy 2 is obtained as follows.
Strategy 2 (The optimal allocation of innovation resources). If the current quantity of innovationgoods is larger than the optimal one, the government or authority should decrease the quantity of innovation-goods through policy and increase the scale of the remaining innovations by the redistributing innovation resources. If the current quantity of innovation-goods is smaller than the optimal one, the government or authority should increase the quantity through policy and decrease the scale of some innovation-goods.
In using Strategy 2, the two following principles should be noted:
(1) The optimal quantity and average quantity of innovation-goods are different across economies, industries, and enterprises. The optimal quantity of innovation-goods can be calculated using Equation 6.
(2) When the quantity of innovation-goods decreases, the remaining innovation-goods, which have a developing advantage and are smaller in quantity, should receive greater investment. When the number of innovation-goods is increased, the innovation-goods, which are larger in quantity and have no potential, should decrease in quantity.
Environmental pressure and aggregation
In Equations 4 and 6, if the EPI is smaller, the optimal quantity is larger and decreases quickly. If the EPI is larger, the optimal quantity is smaller and decreases slowly. Environmental pressure impacts the optimal quantity of capital-goods and innovation-goods, that is, the aggregating speeds for capital-goods and innovation-goods.
Conclusion 3.
A liberal and open economic environment helps to diversify capital-goods and innovation-goods, and the natural selections of capital-goods and innovation-goods are quicker. A restricted environment slows the aggregation of capital-goods and innovation-goods and reduces the survivals of the fittest in speed.
Thus, Strategy 3 is obtained by controlling the survival of the fittest. strategy for survival of the fittest) . The authorities should decrease environmental pressure with liberal economic policy to quicken the survival of the fittest economic resources and their optimal allocation, reallocation, or both. On the contrary, if the authorities hope to slow down the survival of the fittest, environmental pressure should be increased by restricted economic policy.
Strategy 3 (The controlling
Discussion
The economic growth model
Departing from the current economic growth model, the Model (2) introduces environmental pressure, economic policy, and environmental costs. The Cobb-Douglas production function, the Solow model (Solow, 1956) , and the AK model (Barro & Sala-i-Martin, 1995; Jones, 1995) are special cases of Model (2). It is important that policy-makers compute the optimal quantity of capital-goods and innovation-goods in an economy and analyze the features of the optimal quantities in change based on Model (2).
Solow (2000) finds Romer's conclusion that an "unlimited increase capital-goods will result in an infinite output" surprising. From Equation 4 and the explanations that follow, if environmental pressure is not taken into account, the optimal quantity of capital-goods will be infinity, and Romer's conclusion is true. However, this circumstance is a special case. In fact, most resources are limited. The optimal number of capital-goods will gradually decrease with an increase in innovations. If the average value of capital-goods does not equal zero, the optimal number of capital-goods must be finite. Therefore, the Romer growth model does not seem to describe the aggregation of capital and innovations with environmental pressure.
The optimal aggregation of capital
Analyzing Equation 4 in depth, the discussion on the optimal aggregation of capital is as follows.
The optimal quantity of capital-goods is larger in an economy if the environmental pressure is lower and the number of mainstream industries or enterprises in which capital aggregates is correspondingly larger. Currently, economic growth is at its initial or intermediate stage. If environmental pressure is higher, the optimal quantity of capital-goods is smaller; that is, the number of industries or enterprises in which capital aggregates is correspondingly smaller. Economic growth is generally at its latter stage, and monopolies arise. However, if innovation is larger in quantity, the optimal number of capital-goods will be smaller, which implies that capital is more concentrated and levels of socioeconomic specialization and standardization are higher. If one regards the products of an enterprise as capital-goods, innovation and technology growth will encourage mainstream products.
Conclusion 1 indicates that innovation growth is the driving force behind capital aggregation. Capital chases higher returns, and technical progress and innovation improve productivity and increase production returns. Thus, innovation growth is attractive to capital and causes capital to aggregate.
In Model (3), if labor is classified according to job contents, the discussions concerning labor (and the conclusion) are similar to those of capital-goods.
The optimal aggregation of innovations
Innovation and technology are the key factors promoting economic growth. The number of innovation-goods will significantly affect the economic structure and production manner. Analyzing Equation 6 in depth, a discussion on the optimal aggregation of innovations is as follows.
When environmental pressure is lower, the optimal quantity of innovation-goods is larger, and economic growth is in its initial or intermediate stage. If environmental pressure is higher, the optimal quantity of innovation-goods is smaller, and economic growth is in its latter stage. Innovation plays an important role in economic growth, and the concentration of innovations is higher in degree.
If the average value of the competitive coefficient of innovations is smaller, the optimal quantity of innovation-goods is larger, which implies that the average innovation competitiveness is weaker and innovations are scattered. This condition is also a basic feature of the innovation cycle in its initial stage. If innovation competitiveness is stronger, that is, if the average value of the competitive coefficient of innovations is larger, then the optimal number of innovation-goods is smaller, the innovations are concentrated, and the innovation cycle is in its latter stage.
Conclusion 2 indicates that capital expansion is the driving force for innovation aggregation. Technical progress and innovation are able to improve productivity and increase production returns. However, capital is the necessary foundation for technological progress and innovation growth. The capital expansion will be of a higher degree in supporting innovation growth. Therefore, capital expansion is attractive to technology and innovation and causes technology and innovation to aggregate.
Empirical analysis
Fitting the US GDP
Without a loss of generality, in Model (2), we assume that μ(t) = μ 0 e λt , q(t) = q 0 e st and σ(t) = μ(t)•q(t) = μ 0 q 0 e (λ + s)t , where λ is the growth rate of basic output, s is the growth rate of innovation. We use Model (2) to fit US GDP (1940-2010 and 1969-2010) , and the sample data 2 are recorded as D(t), t = 1940, … , 2010. The basic output growth rate λ = 0.110, 3 and the economic innovation growth rate s = 0.097. 4 Model (2) is expressed as Y (t) = 0 e 0.11t + 0 e 0.207t − v 0 e 0.11 t − w 0 e 0.207 t , which can be estimated by the regression method. We employ the fitting function Fit[Y(t), D(t) , t] in the MAPLE software system. When the error is small and the coefficient of determination is large, two fitting results are below based on min >1
Case 1: Fitting the US GDP . Based on real US GDP data , the data estimated from fitness are listed in Table 1 .
Case 2: Fitting the US GDP . Because of the growth rates of utility patent applications in US (1969 US ( -2010 , this is a shorter term fitness than Case 1. Based on real US GDP data , the data estimated from fitness are also listed in Table 1 . Table 1 shows that θ = 1.36 in Case 2 is less than θ = 1.412 in Case 1, and that means that US economic environment during 1969-2010 is more improved than ever. The GDP data and Model (2)-based US GDP fitting curves for both Case 1 and Case 2 are depicted in Figure 1 . Figure 1 shows that ARC Model (2) may fit the real US GDP data (1940-2010 and 1969-2010) well. Furthermore, the fitting results of the actual GDP show that the US economy peaked in 2008-2009 and subsequently showed signs of decline. There is still a tendency to decline in and after 2011. If there has been a recovery in the economy, it may be weak. Notably, the current GDP often does not account for the damage caused by environmental pressure. However, from the perspective of wealth accumulation, it is more reasonable to include the loss in social economic output caused by environmental pressure. (2010 − 1939) , the relative error:
In Case 2, the absolute error: (2010 − 1968) , the relative error: 2010 − 1968) .
(2) R 2 is the coefficient of determination; Ŷ (t) is the Y θ (t)-based estimated function of US GDP.
(3) Because the difference between the "before" and "after" US GDP data is large, the relative errors better reflect the actual fitting results.
(4) The error ε 2 in Case1 is larger than one in Case2, shows that ARC Model (2) has better fitting results to the GDP data than the GDP data (1940-2010).
The optimal aggregation of capital
To describe and analyze the aggregation speed and characteristics of capital on a unifying base, the optimal aggregation rate of capital is defined as the ratio of the current optimal number of capital-goods to the initial optimal number of capital-goods. According to Equation 4, the optimal aggregation rate of capital is as follows:
where n* is the current optimal number of capital-goods and n * 0 is the initial optimal number of capital-goods.
In ARC Model (3), we suppose the capital-goods are homogeneous and good ̄= 0 K n L .
Based on the data estimated in the section of fitting the US GDP (Case 1 and Case 2), we may analyze the optimal aggregation rate of capital using Equation 7. Two cases are presented below:
Case 3: In the case, all the data estimated are come from the Case 1 and the optimal aggregation rate of capital is calculated by using Equation 7. Case 4: In the case, all the data estimated are come from the Case 2 and the optimal aggregation rate of capital is calculated by using Equation 7.
We observe the aggregation of capital during 2000-2020 for the sake of comparison and contrast, and then both the optimal aggregation rates of capital in Case 3 and Case 4 are depicted in Figure 2 .
It is observed from Figure 2 that the optimal aggregation rate of capital-goods manifests a decreasing trend. Because US total capital is increasing during 2000-2020 in general and the optimal aggregation rates of capital decrease in both Case 3 and Case 4, which implies that capital is aggregating with time, coming to the efficient capital-goods or industries. The capital aggregation encourages capitalgoods to be in survival of the fittest and capital to be allocated or reallocated in an optimal mode. All of the analysis results support Conclusion 1, Strategy 1, Conclusion 3, and Strategy 3.
According to Strategy 1, Strategy 3, and the computations above, the authorities may make decisions concerning the optimal allocation or reallocation of capital, and these decisions help the economy to achieve efficient actual output. Notes: In Figure 1 , the units are in billions of US dollars. The ARC fitting curves for the period 1940-2010 (Case 1) and 1969-2010 (Case 2) are illustrated; they can be observed that the ARC Model (2) has better fitting results to the real US GDP data.
The optimal aggregation of innovation
To describe and discuss the aggregation speed and characteristics of innovation on a unifying base, the optimal aggregation rate of innovation is defined as the ratio of the current optimal number of innovation-goods to the initial number of innovation-goods. According to Equation 6, the optimal aggregation rate of innovation is as follows:
where m* is the current optimal number of innovation-goods and m 0 is the initial optimal number of innovation-goods.
In Model (5), we suppose the innovation-goods are homogeneous and good q = m √ q. Based on the data estimated in the section of fitting the US GDP (Case 1 and Case 2), we may analyze the optimal aggregation rate of innovation using Equation 8. Two cases are presented below:
Case 5: In the case, all the data estimated are come from the Case 1 and the optimal aggregation rate of innovation is calculated by using Equation 8.
Case 6:
In the case, all the data estimated are come from the Case 2 and the optimal aggregation rate of innovation is calculated by using Equation 8.
We observe the aggregation of capital during 2008-2020 for the sake of comparison and contrast, and then both the optimal aggregation rates of innovation in Case 5 and Case 6 are depicted in Figure 3 .
It is observed from Figure 3 that the optimal aggregation rate of innovation-goods manifests a decreasing trend. Because US total innovations are increasing during 2008-2020 and the optimal aggregation rates of innovation decrease in both Case 5 and Case 6, which indicates that innovation is aggregating with time, coming to the efficient innovation-goods or emerging industries. The innovation aggregation encourages innovation-goods to be in survival of the fittest and the investment on innovation to be allocated or reallocated in an optimal mode. The analysis supports Conclusion 2, Strategy 2, Conclusion 3, and Strategy 3. Notes: In Figure 2 , by using Equation 7 and data estimated from the Case 1, the optimal aggregation rates of capital are calculated for Case 3; by using Equation 7 and data estimated from the Case 2, the optimal aggregation rates of capital are calculated for Case 4. The optimal aggregation rates of capital in Case 3 are near to those in Case 4, that means that the optimal aggregation rate of capital is relatively stable in US.
The comparative analysis
Comparing the optimal aggregation rates in Figure 2 with those in Figure 3 , we can observe that innovation is quicker aggregating than capital in optimal mode, which reveals that the characteristics of capital are different from those of innovation. In general, most original capital-goods can be converted to cash in discounted fashion, which will be useful in the future. However, many original innovation-goods may obsolete and will be useless in the future if they are replaced by new or updated goods.
Appendix A indicates that the optimal capital aggregation maximizes the actual output, and Appendix B indicates that the optimal innovation aggregation maximizes the actual output also. Those means that capital and (or) innovation aggregation help to promoting economic growth. As mentioned above, innovation is quicker aggregating than capital, which implies that innovation is more active than capital in promoting economic growth.
Conclusions
Based on the Solow growth model and the ARC model, this paper focuses on the optimal aggregation of capital and innovation with environmental pressure and has accomplished the following:
(1) Accounting for the various capital-goods and innovation-goods, this paper builds the economic growth models with environmental pressure, which are suitable to analyze the capital and innovation aggregation, respectively.
(2) This paper presents two computational methods. The first computes the optimal quantity of capital-goods; the second accounts for competition and computes the optimal quantity of innovation-goods.
(3) Given the conservation equation of capital before and after the optimal aggregation, the conservation equation can be fit to innovation. Using the equation, the economic resources can be optimally allocated or reallocated.
(4) The results of empirical research using US GDP data (1940-2010 and 1969-2010 ) support the methods and conclusions in the paper.
The conclusions in the paper include that capital and innovation aggregation may promote economic growth, and are as follows: Notes: In Figure 3 , by using Equation 8 and data estimated from the Case 1, the optimal aggregation rates of innovation are calculated for Case 5; by using Equation 8 and data estimated from the Case 2, the optimal aggregation rates of innovation are calculated for Case 6. The optimal aggregation rate of innovation in Case 6 is much lower than those in Case 5, which means that the aggregation of innovations in recent 40 years is more rapid than ever.
• In social and economic development, capital is aggregating with time. Capital aggregation will promote the capital-goods to be in survival of the fittest and to come to the efficient industries. The same result applies to innovation.
• Because decreases in capital-goods and innovation-goods are related to environmental pressure, which can be controlled by economic policy, the government or authorities are able to allocate and reallocate socioeconomic resources using the formulas in this paper.
• Because the optimal number of capital-goods decreases with innovation growth, innovation growth causes capital to aggregate. Because the optimal number of innovation-goods decreases with capital expansion, capital expansion causes innovations to aggregate.
• Innovation is quicker aggregating than capital in optimal mode, which reveals that the characteristics of capital are different from those of innovation. There is more competition in innovative development than in obtaining capital.
This paper describes and analyzes capital and innovation aggregation, and the analysis for the labor is similar. In fact, the social-economic development is the intertwined process in which capital, labor, and innovations arise and aggregate.
